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Abstract 

Using morphic cohomology, we produce a sequence of conjectures, called morphic conjectures, 
which terminates at the Grothendieck standard conjecture A. A refinement of Hodge structures 
is given, and with the assumption of morphic conjectures, we prove a Hodge index theorem. We 
answer a question of Friedlander and Lawson by assuming the Grothendieck standard conjecture 
B and prove that the topological filtration from morphic cohomology is equal to the Grothendieck 
arithmetic filtration for some cases. 


1 Introduction 

The homotopy groups of the cycle spaces of a complex projective variety X form a set of invariants, 
called the Lawson homology groups of A (see [3], [IZ]). To establish a cohomology-like theory, 
Friedlander and Lawson produced the notion of algebraic cocycle in [7] and dehned the morphic 
cohomology groups of a projective variety to be the homotopy groups of some algebraic cocycle 
spaces. Furthermore, for a smooth projective variety X, by using their moving lemma (see El), 
they proved a duality theorem between the Lawson homology and morphic cohomology of X. 
Walker has dehned an inductive limit of mixed Hodge structures on the Lawson homology [2T] of 
X, and we extend this to morphic cohomology by using the above duality isomorphisms. Then 
the images of the morphic cohomology groups of X in its singular cohomology groups under the 
natural transformations have sub-Hodge structures. 

The Grothendieck standard conjectures have various parts (see m, [E], m)- For a smooth 
projective variety X of dimension m, let C^{X) be the subspace of Lf^-^ (A;Q) which is generated 
by algebraic cycles. By the Hard Lefschetz theorem, cup product with the Lefschetz class L gives 
isomorphism 

(A; Q) (A; Q) 

C^(X) -^ C™-^(x) 

for j < • The Grothendieck standard conjecture A (GSGA for short) claims that the restriction 

of also gives an isomorphism between C^{X) and C^~^{X), or equivalently, the adjoint 

operator A maps C^~^{X) into C-^(A). The Grothendieck standard conjecture B (GSCB for 
short) says that the adjoint operator A is algebraic, i.e., there is a cycle /? on A x A such that 
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A : H*{X]Q) —> H*{X]Q) is got by lifting a class from X to X x X by the first projection, 
cupping with (3 and taking the image in H* {X ; Q) by the Gysin homomorphism associated to the 
second projection. For abelian varieties, the GSCB was proved by Lieberman in m, and we know 
the GSCB for a smooth variety which is a complete intersection in some projective space and for 
Grassmannians (see mi)- 

In this paper, a sequence of conjectures, called morphic conjectures, is introduced and the GSCA 
is the last conjecture in this sequence. We show that if the GSCB holds on X, it implies all the 
morphic conjectures of X. Various equivalent forms of the morphic conjectures are provided. It is 
well known that the GSCA is equivalent to the statement that numerical equivalence is equal to 
homological equivalence. We prove an analogous statement for our morphic conjectures in Propo¬ 
sition oi It was proved by Jannsen (see M) that the GSCA is equivalent to the semisimplicity 
of the ring of algebraic correspondences, we do not know if analogous result is true for morphic 
conjectures. The refinement of the Hodge structures by the images of the morphic cohomology 
groups of X in its singular cohomology groups, with the assumption of the corresponding morphic 
conjecture, is compatible with a refinement of the Lefschetz decomposition, and we get a result 
analogous to the classical Hodge index theorem. 

Let us give a brief review of morphic cohomology (see M)- Throughout this paper, X, Y 
are smooth complex projective varieties and the dimension of X is m. An effective V-valued r- 
cocycle c is an effective (r -|- m)-cycle in V x V such that each fibre of c over X is an r-cycle 
on Y. We denote the group of effective V-valued r-cocycles by ^r(T)(X). The Chow monoid 
'^r+m(Ar X Y) := IJ^>o ^r+m,d(-A X Y) with topology from the analytic topology of each Chow 
variety ^r+m,d{^ x V) is a topological monoid and we give ^,.(y)(V) x H) the subspace 

topology. Let Zr{Y){X) := ^r(y)(V) x ^r(y)(X)/ ~ be the naive group-completion of ^r(H)(X) 
with the quotient topology where (a, b) ~ (c, d) if and only if a -|- d = 5 -|- c, then Zr{Y){X) is a 
topological abelian group. Define the group of algebraic t-cocycles on X to be 

, Zo{F^){X) 

^ ’ ■ Zo{r-^){X) 

and define the {t, A:)-morphic cohomology group to be 

L‘H^(X) := TT2t-kZ\X), 0 < < 2t 

the homotopy group of the cocycle space. It is shown in [201 Theorem A.2] that Zq{¥^){X) is a 
CW-complex, and a similar argument of [201 Theorem A.5] shows that Z^{X) is a CW-complex. 
We list some fundamental properties of morphic cohomology which will be used in this paper. 

1. There is a natural transformation : L^H^(X) —> H^{X) from morphic cohomology to 
singular cohomology for any t,k. 

2. There is a cup product pairing V'H^{X) ® L^H^{X) —> H^^^{X) which is transformed 

to the cup product in singular cohomology by the natural transformations. 

3. There is a commutative diagram: 


LtR^X) Lm-tH2m-k{X) 
$ ^ 
H^X) > H2m-k{X) 
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for 0 < t < m where ^ is the Friedlander-Lawson duality isomorphism, is the Poincare 
duality isomorphism, and 'I' is the natural transformation from Lawson homology to singular 
homology. 

In [7], Question 9.7, Lawson and Friedlander asked if the map : L^H^{X) —> H^{X) is 
surjective for X smooth and t > k. We answer this question in rational coefficients by assuming 
GSCB. As a consequence, we prove that the topological filtration from morphic cohomology is equal 
to the Grothendieck arithmetic filtration for some cases. This may open a new way to check the 
validity of the Grothendieck standard conjectures and the generalized Hodge conjecture. 

2 Inductive limit of mixed Hodge structures 

We use HS and MHS to abbreviate Hodge structure and mixed Hodge structure respectively. We 
follow Walker’s definition of the inductive limit of mixed Hodge structures (IMHS) in |21j . 

Definition An IMHS is an inductive system of MHS’s {H^, a € 1} where the index set I is count¬ 
able such that there exist integers M < N so that WM{{Ha)Q) = 0, WN{{Ha)Q) = {Ha)Q, {{Ha)Q) 
0, and F^((L7 q)q) = (L7q)q for all a £ 1. Equivalently, an IMHS is a triple {H, IF,, F*), where H 
is a countable abelian group, W,{Hiq) and F*{Hc) are finite filtrations satisfying 

Gr^iHc)= © 

p+q=n 


where 

HP’<i = FPGr^_,^{Hc)nF'^Gr^_,^{Hc), 

and such that every finitely generated subgroup of H is contained in a finitely generated subgroup 
H' so that {H', W,\ui ,F*\jji) is a MHS. A morphism of IMHS is morphism of filtered systems of 
MHS’s. 


It is shown in Proposition 1.4 of m that the category of IMHS is abelian. By [211 Theorem 
4.1], the Lawson homology groups of a quasi-projective variety have an IMHS. 

Definition We endow L^H^{X) with an IMHS by making the Friedlander-Lawson duality map 
^ : L^H^{X) —> Lm-tH 2 m-k{X) an isomorphism of IMHS. 

Proposition 2.1. The map : L^H^{X) —> H^{X) is a morphism of IMHS and the IMHS on 
is a suh-HS of H^{X). 

Proof. Consider the following commutative diagram: 


HH>^{X) — Lm-tH2m-k{X) 


H^{X) 




^ m — t.2m — k 


■ F2m—k (-^) 


By [211 Theorem 4.1], ^rn-k, 2 m-k is a morphism of IMHS. Since ^ is a morphism of HS, 

^t,k _ o ^jn-t, 2 m-k o ^ is a morphism of IMHS. The IMHS on H^{X) is a HS, therefore 

the image of <I>*’^ is a sub-HS of H^{X). □ 
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Definition Define L^H^{X) = and decompose 

Vh\X-C)= 0 HP^\X). 

p+q=k 

We define the morphic Hodge numbers of X to be 

h^t\X) = dimHl'^X). 

The following result (see [7], Theorem 4.4) says that the image of <1> is contained in a specific 
range in the Hodge decomposition. 

Theorem 2.2. For a smooth projective variety X there is an inclusion 

L^H^{X;C)C 0 RP’^^iX) 

p-\-q=k 

\p—q\<2t—k 


The space of the most interest to us is L^H‘^^{X;Q) = hI’^{X;Q) = hI’^{X) n H^’^{X;Q) 
which is the space generated by algebraic cycles with rational coefficients where H*’*(W;Q) = 
H‘^^{X-,Q) n H^’^{X). We recall that the Hodge conjecture says that PH'^^{X-,Q) = 


3 Signatures 

Before we proceed to the definition of morphic signatures, we need the following result in which 
we correct some part of the proof in [9l Theorem 5.8]. We use F to indicate any one of the fields 
Q,M,C and define L*H^(W;F) = L^H^{X)(g>¥. 

Recall that there is a S-map (see [71 Theorem 5.2]) which makes the following diagram com¬ 
mutes: 

PH^{X- F)-^^ L^+^H^[X- F) 

^t,k 

H^{X-,¥) 

And the natural transformation 4> : L*H^(X) H^{X) is induced by the map i' : Z^{X) —> 

Map{X, Zq{C^)) where Map{X, Zq{C^)) is the space of continuous maps from X to Zo(C*) with 
the compact-open topology and i' is the map induced by the inclusion map i : ^o{¥^){X) ^ 
Map(A:,'^o(F‘))- Recall that H’^{X) = TT 2 t-kMap{X, Zo{C^)). 

Proposition 3.1. For any t >m, the three maps in the diagram of the S-map are isomorphisms 
for 0 < k < 2m. 

Proof. Obviously it is enough to prove the statement for Q-coefficients. We have the following 
commutative diagrams: 



Zo(P'-i)(X)--Zo(P*)(X) 



ZmiX X P*-l) -- Zm{X X r) 


-^Z\X) 

9 

Zm{X X 0) 
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By the Friedlander-Lawson duality theorem (see [9], Theorem 3.3), the first two Si are homotopy 
equivalences, and by [20l Proposition 3.2], the upper and lower rows induce long exact sequences 
of homotopy groups 

-- 7rfeZo(P*-i)(X)-- 7rfcZo(P*)(X)-- iikZ\X) -- 7rfc_iZo(P‘-^)(X)-> 


TTkZmiX X P* 1) - ^TTkZmiX X P^) - ^ TTkZm{X X C*) - ^ TTk-lZmiX X P* 1) 


By the five-lemma we have : 'K}^Z^{X) TTf^Z^iX x C^) for k > 0, then by the Whitehead 
theorem, we know that Z^{X) is homotopy equivalent to Zm{X x C*). 

If t > m, Zm{X X C*) = Zq{X X by the homotopy property of trivial bundles (see [6l 

Proposition 2.3]). Applying [20l Proposition 3.2] to the following sequence: 


Zo(A X P*-i) Zo{X X P‘)-^ Zo{X X A‘-™) 


we get a long exact sequence of homotopy groups, 

-. 7rfcZo(AxP*-”^-') ^ 7rfcZo(AxP'-’") ^ 7rfcZo(AxA™"*) ^ 7rfc_iZo(AxP*-”^-^) ^ • 

Recall that the Dold-Thom theorem ([21 6.10]) says that for a CW-complex A, TTkZo{A) = 
iP^^^(A;Z) for all k. Applying the Dold-Thom theorem and tensor by Q, we get a long exact 
sequence: 


-> Hk{X X P*-"*-i;Q) ^ HkiX x P*-”*;(Q) — . {X x A’"-*;Q) 

^ Hk-i{X ^ 

where i* is induced from the inclusion map i : X x c A x Since the inclusion 

map j : c P*”™’ induces an isomorphism j* : Hk{F^~^~^) —> i7fc(P*“"*) in homology 

groups for 0 < k < 2{t — m — 1), by the Kiinneth formula in homology for Hk{X x Q) and 

Hk{X X P*“'”;Q), it is not difficult to see that 


H^^\X X C^-^]Q) = 


0, if A: < 2{t — m) 

Hk- 2 {t-m){X;Q), ifk>2{t-m) 


Therefore, if t > m, since all maps in the chain of isomorphisms 


L^H^X; Q) ^ TT^t-kZoiX x C*""^) ® Q ^ x 0-^; Q) ^ H^m-kiX', Q) = H^{X; Q) 


are natural, their composite is And from the commutative diagram of the S-map, we see that 
the S-map is also an isomorphism. □ 


Suppose that ( , ) is a symmetric bilinear form on a finite dimensional vector space V over 
Q. The signature of ( , ) is the number of positive eigenvalues minus the number of negative 
eigenvalues in a matrix representation of ( , ). 

From the natural transformation (g) F : L^H^{X;¥) —> H^{X-,¥), we define 

L^H^{X; F) = /m($*’^ (g F) C H^{X] F). 
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Definition (morphic signatures) Suppose the dimension of X is m = 2n. For t > n, we define the 
t-th morphic signature of X, denoted by at, to be the signature of the symmetric bilinear form; 

( , ) ; Vh'^{X-Q) ® Vh^{X- Q) —> Q) = Q. 

For t = m, since L™Ff”^(X;Q) = H™'{X;Q) and the cup product in morphic cohomology in 
this case is just the usual cup product of singular cohomology, am is the usual signature of X. So we 
have a sequence of signatures am, o'm-i, which reveals more and more algebraic information 

of X. 

4 The Morphic Conjectures 

Let a, b be two nonnegative integers. Define 

.EiL“(X; F) = L“iL°(X; F) © L“+^f2(X; F) © • • • © L^+^H‘^^{X-, F), 

Oif^(X;F) = V’H^iX-V) © L^+^H^{X-¥) © • • • © L^+”^-^F2™-1(X;F) 

where E and O stand for even and odd respectively. In particular, EH^{X; Q) is the ring of rational 
algebraic cohomology classes on X. Define 

LH^’\X; F) = EH‘^{X; F) © 0H\X; F). 

Let D G L^H'^{X) be a class coming from a hyperplane section on X. Define an operation 

C : L^H^{X) —> 

by C{a) = D-a. Under the transformation <!)*’*, C carries over to the standard Lefschetz operator L. 

The operators induced by C on F), OiL^(X; F) and LiL“’^(X;F) are simply the restriction 

of L to these spaces, and these spaces are L-invariant. By abuse of notation, we use C to denote 
the restriction of L to these spaces. 

Recall that there is a standard Hermitian inner product on j 2 /P’'^(X), the (p, (/j-forms on X, 
called the Hodge inner product defined by 

< a,j3 >= / a A*P 

Jx 

where * is the Hodge star operator. Let A be the adjoint of L with respect to the Hodge inner 
product. Since L, A commute with the Laplacian, they can be defined on the harmonic spaces. 
From the Hodge theorem we know that the {p, g)-cohomology group of X is isomorphic to the 
space of {p, ( 7 )-harmonic forms. The Hodge inner product induces a Hermitian inner product in 
harmonic spaces which we also call the Hodge inner product. Restrict the Hodge inner product to 
EH°'{X-,¥),OH^{X-,'¥) and LFf“’^(X;F) respectively and let A be the adjoint of C with respect to 
the Hodge inner product. 

Conjecture (morphic conjectures) The morphic conjecture on EH°'{X',¥),OH^{X-,¥) and LiL“’^(X; F) 
respectively is the assertion that A is the restriction of A on them respectively. 

It is not difficult to see that if a morphic conjecture holds for Q-coefRcients, it also holds for M- 
and C-coefficients. So most of the time we will only work with Q-coefficients. 
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Definition Consider the cup product pairing: 

Q) (g) ^ J2t+m-k^2m(^^. 

For a € L^H^(X;Q), we say that a is morphic numerically equivalent to 0 if a A /3 = 0 for all 
/3 € Q). The class a is said to be morphic homologically equivalent to 0 if 

<h(a) = 0 where : L^H^{X-,Q) —> H^{X-,Q) is the natural transformation. We use MNE for 
morphic numerical equivalence and MHE for morphic homological equivalence. 


Let Algii.{X;Q) be the group of A:-cycles with rational coefficients on X quotient by algebraic 
equivalence and let Alg^{X;Q) = Algm_k{X;Q). We recall that a class a G Alg^{X;Q) is said 
to be numerically equivalent to zero if a • /3 = 0 for all (3 G Alg^~^{X;Q) where • is the in¬ 
tersection product and a is said to be homologically equivalent to zero if under the cycle map 
7 : Alg^{X;Q) —> H‘^^{X-,Q), a is sent to zero (see e.g [E]). By the Friedlander-Lawson duality 
theorem, we can identify with Alg^{X;Q) for 0 < t < m (see [9l Theorem 5.1]). 

From what we explain before, we have the following result. 

Proposition 4.1. 1. On ©JTQL*Ff^*(X; Q) morphic numerical equivalence is same as numerical 

equivalence and morphic homological equivalence is same as homological equivalence. 

2. If a is morphic homologically equivalent to zero, then a is morphic numerically equivalent to 
zero. 

Proposition 4.2. 1. dimL'^^^ {X ■, Q) < Q) fort < 

for t < [f J 

Proof. We have the following commutative diagrams: 


jj2t . 


H 


2t 




—t TT2m—2t 


Lb+tR'^t 


-1 


H- 


2m—2t 


H 


2t-l 


—2£+l 


—2£ + l 




H 


2m—2t+l 


By the Hard Lefschetz theorem, L™ and L™ are isomorphisms for t < , so we have 

the conclusions. □ 

Let £/ be any one of EH°‘{X;Q), OH^{X;Q) and LF£“’^(X; Q). Let £/ be the direct sum of all 
morphic cohomology group L^H^{X;Q) such that L^H^{X;Q) is a direct summand of 

Proposition 4.3. The followings are equivalent: 

1. MNE=MHEon.^. 

2. dimL^H^{X;Q) = dimL^+^-’^H^^-^{X;Q) forL^H^{X]Q) C £/. 

3. If a £ L^H^{X-, Q) C .s/ for k < m and a = Er>o is the Lefschetz decomposition of a, 

then ar G Q) C , for r > 0. 

4 . If a £ ^ then *a £ . 

5. If a £ £/ then Aa £ . 
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6. The morphic conjecture holds on . 


Proof. We are going to show that 1—>2—>3—>4—>5^6—>2 and 4^1. 

1 —> 2: We consider only the case £/ = EH°'(X]Q) since similar argument applies for = 

0H'^{X-,Q) and thus for £/ = For t < consider the commutative diagram 

L^+^H‘^\X; Q) ( 8 ) L^+m-t Q) -^ Q) 

H^\X] Q) ® Q) -^ H^'^iX-Q) 

j£ j^a+m-t j^ 2 m- 2 t proposition above, Q) = 0. So we may assume 

that^“+”"-‘F 2 m- 2 t(j^.Q) ^ Lg£ Q, g j^a+m-tjj2m-2t(^x-,Q) such that 4>(a) / 0. IfMNE=MHE 
on £/, then there is a /? G {X] Q) such that (/3, a) / 0 where ( , ) is the cup product pairing 

in morphic cohomology. Thus (‘h(/3), $(q:)) ^ 0. Consequently, the cup product pairing ( , ) in 
singular cohomology restricted to {X■, Q) (g) is nondegenerate. It 

follows that dimZ“+*i72i(X;Q) = dimL'^+^-^■, Q). 

2 —> 3: From the commutative diagram 

/'m — k + 2 

Lt-^H^-2{X-, Q) — -^ ^t+m-fc+ 1 ^ 2 m-fc+ 2 (j^. 

, T m — k-\-2 

H’^-^{X- Q)- - -^ i72™-fc+2(X; Q) 

we see that maps Q) injectively into Q). The as¬ 

sumption dimL^~^{X■, Q) = dimL^~^"^~^^^H^^~^~^^{X-,Q) implies that ^”*-^+2 restricted to 
is an isomorphism. Let a = Ylr>o^^^r £ L^H^{X;Q) be the Lefschetz de¬ 
composition of a. We prove by induction on the length of the Lefschetz decomposition. Since 
L"^-^+^{Er>i L^~^ar) = G lt+m-k+i^2m-k+2^x-, Q), we have G 

By induction hypothesis, ar G Q) for r > 1. But ao = a — L^~^ar) G 

L^H^{X;Q). This completes the proof. 

3 —> 4: Suppose that a G L^H^{X]Q) and a = J2r>o L^ar is the Lefschetz decomposition of 

a. By some calculation we get *Ufd = (—1) 2 jd for fd G as a formula in 

Definition [ 6 l From the assumption ar G si we have LX‘~^^'^ar G .e/, for r > 0. Thus *a G 

4 —> 5: From the formula A = *L* as in Dehnition[ 6 l we have the conclusion immediately. 

5 —> 6 : Since A = tt o A where vr : Q) —>■ is the projection, from the assumption 

TT o A|^ = A|^, we have A = A|^. Therefore, the morphic conjecture holds on j?/. 

6^2: By the Hard Lefschetz theorem, A™'”^ : H‘^"^~^{X;Q) —> H^{X-,Q) is an isomorphism 
for k < m. Therefore if A = A|^, Q)) C L^H^{X;Q) which implies that 

they have the same dimension. 

4 —> 1: Suppose that a G L^H^{X;Q) is morphic numerically equivalent to zero. If <I>(a) 7 ^ 0 
then 

(4'(a),=t=4>(a!)) = / 4>(a) A =t=4'(a) =< 4 >(q;), 4'(a) >/0 

Jx 

But by the hypothesis >i=<I>(a) G Q), so we can find [d G H‘^^~^(X;Q) 

such that 4>(/3) = *<I)(a). Then {a,(d) = (4>(q;), <h(/3)) / 0 which contradicts to the assumption. 
Thus a is morphic homologically equivalent to zero. □ 
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In particular, GSCA is equivalent to the morphic conjecture on EH^{X). 


Definition For (3 G x A;Q), [3 induces a map 

(3^ : L^H’‘{X-,q) —> 


defined by 

f3,{a) = • ^m) 

where p,q : X x X —> X are the projections to the first and second factor respectively, & is 
the Friedlander-Lawson duality map and • is the intersection product in Lawson homology. An 
endomorphism / : is said to be algebraic if there is a /3 G {X x A;Q) such 

that /?* = /. 

We note that this definition is equivalent to the definition in Ha- 

Proposition 4.4. If the Grothendieck standard conjecture B holds on X, then it implies all 
the equivalent statements in Proposition \4.3\ for equals to any of E{X] Q), O{X] <q) or 
LiL“’^(A;Q). 

Proof. If the GSCB holds on X, then A is an algebraic operator, thus there exists a cycle P G 
^m-i^2(m-i)(j^xX; Q) such that A = /3*. For L^H^{X] Q) a direct summand of £/, P^{L^H^{X-, Q)) C 
thus A is an endomorphism of . 2 /. By the fifth statement in Proposition 14.81 the 
morphic conjecture holds on □ 

Hence all the morphic conjectures are true for abelian varieties, varieties of complete intersection 
and Grassmannians. 

By assuming the GSGB, we answer a question of Friedlander and Lawson in rational coefficients 
(see [7], Question 9.7). 

Theorem 4.5. If the Grothendieek standard conjeeture B holds on X, then the map 

^t,k . ^ Q) 


is surjective whenever t > k. 

Proof. By Proposition 13.11 it is true if t > m. So we assume that t < m. Then k < m. If 
the GSGB holds on A, we have all the morphic conjectures. Thus from Proposition 14.31 the 
dimension of Q) is same as the dimension of L^H^{X] Q). Since m + t — k > m, 

j^m+t-k j^ 2 m-k Hard Lefschetz theorem, we have L^H^{X-, Q) = 
F7^(A;Q). Therefore is surjective. □ 

5 Topological Filtration And Arithmetic Filtration 

In [To] , Friedlander and Mazur defines two filtrations on the singular homology groups of a projective 
variety. One is formed by taking the images of the natural transformations from Lawson homology 
to singular homology and the other one is the homological version of the Grothendieck’s arithmetic 
filtration. The first filtration is called the topological filtration (denoted by TrIIn{X‘,Q)) and the 
second one is called the geometric filtration (denoted by GrIIn{X]Q)). Friedlander and Mazur 
conjecture that these two filtrations are equal. 
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Conjecture (Friedlander-Mazur) Let j, n be non-negative integers. For any smooth projective 
variety X, 

TjHniX-,Q) = GjHniX-,Q) 


In the following, we define a filtration from morphic cohomology and reformulate the Friedlander- 
Mazur conjecture as an equality between this filtration and the Grothendieck’s arithmetic filtration. 

For a variety Y, let 7 : y —> y be a desingularization of Y. Recall that the arithmetic filtration 
(coniveau filtration) Q)}p>o of H*{X-,Q) is given by 

N^H^{X;Q) = { Gysin images 7 * : —> H’'{X-,Q^)\Y C X, codim xY = q (pure) ,q>p} 

(see [H], page 87 for details); and recall that the niveau filtration {NpH^{X;Q)}p>Q of 77*(X;Q) 
is defined by 


NpHi{X;Q) = span { images : Hi{Y;Q) —> Hi{X-,Q)\i : Y ^ X, dim Y < p} 

Define the topological filtration {TPH*{X;Q)} to be 

TPH^{X-,Q) = { images : U’H^{X]^) —> R''(X;Q)} 

where is the natural transformation from morphic cohomology to singular cohomology. 

If Y is a smooth projective variety of dimension m, it is not difficult to see that GrHn{X] Q) = 
Nn-rHn{X]<^) and NpHi{X-,Q) ^ N"^-P{X ; Q) by the Poincare duality. By P Theorem 
5.9], H^{X;Q) = Tm-r772m-n(Y; Q). It is proved in [ini 7.5, Corollary 3], that TrHn{X;Q) C 

GrHn{X; Q). The cohomological version of this result is the containment T^~pH^{X-,Q) C NPH^{X-,Q) 
and the cohomological version of the Friedlander-Mazur conjecture is the following conjecture. 

Conjecture For nonnegative integers l,p, T^~pH^{X-,Q) = NPH^{X;Q). 

Recall that the generalized Hodge conjecture is the assertion that iV^77^(Y;Q) = FJ^H\X;Q) 
for allp, I where {F)f H*{X]Q)} is the rational Hodge filtration (see [18], page 88 ). If the Friedlander- 
Mazur conjecture holds, ideally, it would give a more concrete picture about the arithmetic filtra¬ 
tion. 

As a consequence of Theorem 14.51 we have some evidence for the Friedlander-Mazur conjecture. 

Corollary 5.1. If the Grothendieck standard conjecture B holds on a smooth projective variety X. 
Then 

r‘H'*^(Y;Q) = iV°H'^(Y;Q) = fIh^{X-,Q) = H'^(Y;Q) 

for t > k. 

In the following, we give a simple proof of the Friedlander’s result in P Proposition 4.2]. 

Proposition 5.2. Suppose that X is a smooth projective variety. If the Grothendieck standard 
conjecture B is valid for a resolution of singularities of each irreducible subvariety Y <Z X of 
codimension > p. Then 

NPH\X-, Q) = T^-PR^X; Q) 
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Proof. Suppose that Y C X is a subvariety of codimension p' > p. Let a : Y —> y be a 
desingularization and the GSCB holds on Y. Consider the following commutative diagram; 


^l-p-p' Hl-2p' 

^l-p-p' ,l-2p' 




By Theorem 14.51 ^ ^ is surjective. Therefore the image of n* is contained in the image of 

Therefore, NPH^{X;Q) C T^-pH\X). □ 

Since the GSCB holds for smooth projective varieties of dimension < 2, we have the following 
result. 


Corollary 5.3. Suppose that X is a smooth projective variety of dimension less than or equal to 
3. Then NPH\X) = T^-ph\X) for allp,l. 


6 Abstract Hodge index theorem 

Definition Let V = where each is a finite dimensional vector space over Q and let 

Vjf = y (g) F, (g) F. Let h = ~ where iVk '■ Vc ^ is the projection. V is 

called a Lefschetz algebra if 

1. there is an inner product <, >: V]r x —> M which induces a hermitian inner product 
<, >: Vc X Vc —> C defined by < a (g) ;U, 6 (g) A >:= pX < a,b >. 

2. There is an endomorphism L : G —> 1/ of degree 2 with adjoint A such that L, A and h define 
a s/ 2 (C)-action on Vc in the following way: 

[A, L] = h, [h, A] = 2A, [h, L] = -2L 


Definition Let 


kerA : ^ be the primitive space. For a G , define 


fc(fe+i) 

*Ua := (— 1 ) 2 


(m — k 


j)! 


and define 

AUa := j{m — k — j + 


Proposition 6.1. For a Lefschetz algebra V as above, we have the following properties: 
1. There is a Strong Lefschetz theorem: 


jjn—k 


: 


jj2m—k 


2. There is a Lefschetz decomposition: for a G , 

a = Oi 3 

j>max{fd^k—m) 

where aj G B^~‘^T 
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3. The Lefschetz decomposition is orthogonal with respect to <, >. 


4- = id, * is conjugate self-adjoint, i.e., < a, */3 >= < *a,j3 >. 

5. A = *L*. 

Proof. (1) and (2) follow from the properties of s/ 2 (C)-action (see [181 Theorem 11.15]). Let 
L^a e L®/3 G and k > s. By the relation [A, L] = h, we have < La,L(3 >=< 

ALa,f3 >=< ha + LAa,(5 >=< ha, (5 >= c < a, (5 > where c is a constant. Hence if A: > s, 
< L^a,L^f5 >= c < L^~^a,l3 >= c < L^~^~^a,Aj3 >= 0. Hence the decomposition is orthogonal 
with respect to <, >. (4) and (5) follow from some simple calculations. □ 

Definition Let V = be a Lefschetz algebra. Suppose that V is endowed with the following 

structures: 

1. Each = ©p+q= 2 t^A^’’'^ has a Hodge structure of weight 2t such that the decomposition is 
orthogonal with respect to <, >. 

2. The Hodge structure is compatible with the s/ 2 (C)-action, i.e., 

jji . ppPA _^ jjp+k,q-\-k 

for any p, q, k. 

3. Let := kerA : 1 . 9-1 and define 

Q{a,(5) :=< L^-^a,L^-^p> 

for a G BP’'^, f3 G B'^’^ and 2r = p + q. There are the Hodge-Riemann bilinear relations: 

(a) Q{BP^<i,B^’^) = 0if s/g. 

(b) (—0 > 0 if 0 / ^ G BP’'^ where 2r = p + q. 

Then we say that H is a Hodge-Lefschetz algebra. 

From now on, our V denote a Hodge-Lefschetz algebra as above. Since the sZ 2 (C)-action is com¬ 
patible with the Hodge structure, it reduces to an sZ 2 (C)-action on ■ 

Hence for all p, q, we have a Lefschetz decomposition 

HP,q ^ QP,q 0 LBP-^’^i-^ © L^BP-^^^-^ © • • • © L'^BP-^'^i-'" 

where r = min{p,q). Similar to the proof of Proposition 16.H we have the orthogonality of the 
decomposition. 

Proposition 6.2. The deeomposition 

^C= 0 0 

p^q=2t 0<k<min{p,q) 

is orthogonal with respeet to <, >. 

Let hP'^ = dimcH^^. We follow [121 Theorem 15.8.2] to give a proof of the Hodge index 
theorem. 
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Theorem 6.3. (Abstract Hodge index theorem) Suppose that V is a Hodge-Lefsehetz algebra as 
above. Define {a,/3) :=< a,*P > on Then the signature a of { , ) is J2p ■ 

Proof. 1. Since is self-adjoint and <, >|^xy symmetric, ( , ) is a symmetric bilinear form. 

2. Let be the vector space consisting of L^{a -|-a) for a G Then is a real 

vector space. We have 

»i”= 0 © K'" 

p+q=2n 0<k<min(p,q) 

3. The decomposition above is orthogonal with respect to the Hodge inner product and the 
quadratic form (—, ) is positive definite when restricted to 

Proof. For a G E^’*^ where p + q = 2n and p q, let a = L^a where a = b + b is real, 
b G by a simple calculation, we have *L^b = (—then ( 0 , 0 ) = 2 < 

L^b,*L^b >= 2(—1)"'“^ < L^b,L^b >= 2{—l)'^~^Q{b,b). Hence by the Hodge-Riemann 
bilinear relation, (—1)'^+^(6, 6) = 2(—6) > 0 if 6 / 0. Similarly, if p = q, let 
a = L^b where b G and b = b. Then ( 0 , 0 ) =< a,*a >= (—1)”-+^ < L^b,L^b >= 

(-lf+^Q(6,6). Hence, (-ir+^(a, a) = Q(6,6) > 0 if 6 / 0. □ 

4. Therefore, 

p+q=2n 

k<p<q 

5. 

CJ = ^ i-iy+'^dimcL'^BP-’^'^-’^ 

p+q=2n 

k<min{p,q) 


Proof. The real dimension of E^’’^ is dimcL^BP ^ + dimcL^BP ^ ioi p < q and 

dirnffiE”’” = dimcL'^B^-’^’^-'^. □ 

6 . hP-^'^i-^ - hP-k-i,q-k-i ^ ^■^^^p-k,q-k ^ dimcL^BP-^'^-^ fox p + q < 2n. 

7. For p + q = 2n, by the Hard Lefschetz theorem, we have }iP-k-^,q-k-i _ yp)+k+i,q+k+i 

from the Hodge structures, = /i 2 ri-»-, 2 n-fc_ 


a = 




k>0 

p+q=2n 


E 

k>0 

p+q=2n 


^_-^Y+k+l j.^p+k+l,q+k+l 


= Y i-'^yhP’‘^+ Y i-'^yhP’^ = Yi-'^yhP’‘^ 

p+q<2n p+q>2n p,q 


□ 
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7 Morphic Hodge Index Theorem 


Let us use H*{X] C) to denote the cohomology ring of X. Let h = “ k)Prk where Pr^ : 

H*{X]C) —> H^{X;C) projects a form to its /c-component. The s/ 2 (C)-structure on H*{X;C) is 
given by 

[A, L] = h, [h, A] = 2A, [h, L] = -2L 
Let £/ be any of EH^{X; C), 0H\X-, C) or LH'=^’\X; C) and 


q) 


a + , if p + g is even 

b + , if p + g is odd . 


If it is clear from the context what ^ is, to simplify our notation, we will just write 7 (p, q) for 
7 (^ 2 /, p, q). Let £ be the restriction of L to .k/ and A be the adjoint of £ with respect to the Hodge 
inner product restricted to 


Proposition 7.1. Assume that the morphic conjecture holds on si, then ^ is a sl 2 {C)-submodule 
of H*{X-,C) thus 

1. si has a sub-Lefschetz decomposition, i.e., if LfH^{X]C) is a direct summand of si, then 

L^H\X;C) = ®r>max{o,k-m}C^B^-^^ 

where = KerC'^~^^^ : L^H^{X]C) —> C) is the primitive group. 

Furthermore, this decomposition is compatible with the sub-Hodge structure, i.e., if = 

^ /f;77!;™7+7-,)(V). then 


Tjp.e 

^'y{p,q) 


{X) = ®r>max{o,k-m}^^BP-^’'^-^ 


2. B^ = kerX : L^H’^{X;C) —> {X; C) and BP’I = kerX : Hf'^X) —> 

where L^H^{X]C) is a direct summand of si. 

3. We have the Hard Lefschetz theorem, i.e., 

£fc . ltH^-'^{X;C) —> L‘+^H'™+^(X;C) 
is an isomorphism where LfH'^~^{X]C) is a direct summand of . 

4 . We have the Hodge-Riemann bilinear relations: 

(a) Q{BP’P,B^>^) = t)ifs^q. 

(b) 0 > 0 */ 0 / e G BP^i andp + q = r 
where 

Q(t,7) = (-1)"^ [ C^-^irAv) 

Jx 

and T,rj ^ B''. 

Proof. By the assumption of the morphic conjecture, A is the restriction of A on si. From the 
relation h = [A, L], we see that h restricts to an operator on si. Thus C,X,h give a sub-s/ 2 (C)- 
structure on si and therefore it admits a sub-Lefschetz decomposition of the Lefschetz decomposi¬ 
tion of H*(X;C) which is compatible with the sub-Hodge structure. The Hard Lefschetz theorem 
is a formal consequence of the Lefschetz decomposition (see e.g. [18], Chapter 11). The restriction 
of the classical Hodge-Riemann bilinear relations to si gives the similar relations. □ 
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We observe that the morphic signatures are independent of the odd part OH^{X]C) of the 
cohomology groups. In the following, by assuming the morphic conjecture on EH°'{X;C), we are 
going to generalize the classical Hodge index theorem. 

Theorem 7.2. (Hodge index theorem) If the morphic conjecture is true on EH^{X;C) where X 
is a connected projective manifold of dimension m = 2n and a is a nonnegative integer, then 

aa+n(X) = ^ 

0<p,q<m 


where 7 ( 0 ,p, q) = 'y{EH^{X] C),p, q). 

Proof. Let co be the (1, l)-form associated to the standard Kahler metric on X and let be the 

space of harmonic (p, g)-forms on X. The Lefschetz operator L : —>■ jg defined by 

La = Lo Aa. 

Since lv is integral, L is an operator on EH°‘[X] Q). We have the Hodge inner product <, > on 
EH°-{X\C), the adjoint operator A of L, the Hodge star operator * : ^ ^nd the 

cup product pairing ( , ) on H"^{X^C) satisfying {a, (5) =< a,^/3 > for all a,/? G H^{X;C). 

By the sub-Hodge structure on C), we decompose C) = Now 

we assume that the morphic conjecture is true on EH°'{X;C). Then EH°'{X;C) is a Hodge- 
Lefschetz algebra. The result now follows from Theorem 16.31 □ 

Corollary 7.3. When a = n, h^fnpq) ~ hP’'^, the above formula gives the classical Hodge index 
theorem: 

am=a,„(X)= ■£ ^ (-1)^’", 

Example 1. Suppose that X is a complex projective surface. Then cri(X) = 2—(T 2 (X) = 
cj(A:) = 2 + 2/i2-0(x) - /ibi(x). 

2. Suppose that X is a general polarized abelian variety of dimension g = 2n. By a theorem of 
Mattuck, we have HP'‘P{X;Q) ~ Q for 0 < p < p (see [1], pg 559). Thus an{X) = 1. But as 
a smooth manifold, X is the boundary of a solid torus, hence the signature of X is 0. 

3. For a smooth hypersurface X of dimension m = 2re in ]p2"^+i^ for p ^ n, HP’P{X]Q) is 
1-dimensional and is generated by algebraic cycles. Therefore the adjoint operator 

A : H‘^ri-p,2n-p^j^. ^ ffP’P(X; Q) 

is an isomorphism for 0 < p < n. For p = n, A : Q) —> is an 

isomorphism. The GSCA is trivially true for this case, hence the signature formula 

a„+.(^) = l + (-ir-' + (-l)Xfn 

is valid. In particular, we are especially interested in 

cT„(x) = i + (-i)-i + (-i)-/ir 

where hn’^ is the dimension of the subspace of H"'’'^(X) which is generated by algebraic cycles. 
Thus any way to calculate (Tn{X) is equivalent to the calculation of /in”. The Hodge conjecture 
predicts that /i”’” = /iq” where /iq” is the dimension of Q) := Q). 
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We note that even for smooth hypersurfaces of even dimension, the Hodge conjecture is known 
only for some small degree. 

Let aniX) = a — b the difference between the numbers of positive and negative eigenvalues 
of ( , ). By the Poincare duality theorem, ( , ) is non-degenerate, hence a + b = hn’^ and we 
get a = ^ Therefore, the cup product pairing ( , ) is positive definite on Hn’'^ if n 

is even and negative definite on Hn’^ if n is odd. 
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